In this paper we give a self-contained existence and uniqueness proof for the sporadic O'Nan group ON by showing that it is uniquely determined up to isomorphism by the centralizer H of a 2-central involution z. We establish for such a simple group G a presentation in terms of generators and defining relations and a faithful permutation representation of degree 2.624.832 with a uniquely determined stabilizer isomorphic to the small sporadic Janko group J 1 . We also calculate its character table by new methods and determine a system of representatives of the conjugacy classes of G.
Introduction
The Brauer-Fowler Theorem asserts that there are only finitely many nonisomorphic finite simple groups G which have 2-central involution z such that C G (z) ∼ = H, where H is a fixed group with a center Z(H) of even order. In [11] a simple group G is said to be uniquely determined if it is (up to isomorphism) the only simple group Y having a 2-central involution y such that C Y (y) ∼ = C G (z) ∼ = H. Suzuki's survey article [16] shows that many simple groups are uniquely determined. However, that paper also mentions several examples of simple groups which are not uniquely determined, e.g. the centralizers of the 2-central involutions of the 3 non-isomorphic simple groups L 5 (2), M 24 and Held's sporadic simple group He are isomorphic.
In this article we show that the sporadic simple group ON is uniquely determined, see Theorem 5.2. We also give an existence proof, calculate its character table and provide a classification of all its conjugacy classes in terms of short words of the 4 generators of a new presentation of ON, see Theorems 5.2 and 7.4 and Corollary 6.4, respectively.
The simple sporadic group G = ON was discovered by O'Nan in his highly original paper [13] , where he established the character table and the group structure of the normalizers N G (p) of elements p of prime order dividing the group order |G| = 2 9 · 3 4 · 5 · 7 3 · 11 · 19 · 31. In particular, he showed that such a group G = ON has only one conjugacy class z G of involutions. Furthermore, H = C G (z) is of shape 4L 3 (4) : 2 by his Lemma 4.8 of [13] . All these properties of ON were derived by him from a presentation of a given Sylow 2-subgroup of ON. But he himself neither proved the existence nor the uniqueness of ON.
Using the deep results of [13] Soicher gave in [15] a short computer aided, but checkable, proof of the existence of the simple O'Nan group ON as a finitely presented group with a beautiful set of defining relations. Furthermore, he showed that a simple group G is isomorphic to ON if and only if a Sylow 2-subgroup of G is isomorphic to the one of ON. This (stronger) uniqueness theorem is an immediate consequence of Theorem 5.2 and Lemma 4.8 of [13] , because the second author has shown by means of MAGMA there are exactly 36 non-isomorphic groups H i of shape 4L 3 (4) : 2, and that the isomorphism type of H i is uniquely determined by the isomorphism type of a Sylow 2-subgroup S i of H i .
In Lemma 2.1 we state a presentation of a centralizer H = C ON (z) of a 2-central involution z of that example of a O'Nan group ON for which there are 2 generating permutations of degree 122760 in [18] . Throughout this article a finite simple group G is called a simple group of ON-type if it possesses a 2-central involution z such that C G (z) ∼ = H.
This group H has center Z(H) = z , commutator factor group H /Z(H ) ∼ = L 3 (4), and |H : H | = 2. Since the simple group L 3 (4) has several non-isomorphic central extensions E with a cyclic center Z(E) of order 4 it is necessary to describe the structure of H by generators and relations in order to avoid ambiguities. In Lemma 2.1 explicit generators of a fixed Sylow 2-subgroup S are given as short words in the generators of H = c, r, s . Furthermore, it is shown that S has a unique maximal elementary abelian normal subgroup A = z, t, u with normalizer D = N H (A) = r, s ∼ = 4
3 · S 4 and a unique Klein four subgroup V = z, t . All these facts have been deduced from the presentation of H by means of a described faithful permutation representation of H having degree 448 and MAGMA [1] . In Sec. 3 we show that in any simple group G of ON-type there exists an element g of order 3 in N G (A), g ∈ H such that z g = t, t g = zt and u g = u. We prove in Proposition 3.1 that E = N G (A) = r, s, g is uniquely determined by H up to isomorphism. A set R(E) of defining relations for E with respect to the generating set {r, s, g} is also given.
Then we consider in any finite simple group G of ON-type the subgroup E 1 = z, t, u, r, g of E. By Lemma 4.1 it is isomorphic to a split extension of the elementary abelian normal subgroup A = z, t, u by a Frobenius group F 21 of order 21. We also provide a set R(E 1 ) of defining relations for E 1 . Furthermore, we show that there is an element f of order 5 in H such that H 1 = z × r, f, uz, tz, f is the unique subgroup of shape z × A 5 in H containing the subgroup A, r of H, where A 5 is the simple group of order 60.
In Proposition 4.2 we determine a set R(J) of defining relations for the subgroup J = H 1 , E 1 = r, f, g of any finite simple group G of ON-type. Using the ToddCoxeter algorithm implemented in MAGMA and Janko's uniqueness theorem [8] we show that J is isomorphic to the smallest sporadic Janko group J 1 .
In Sec. 5 we prove that H = r, s, c = r, s, f and obtain a set R 1 (H) of defining relations of H with respect to {r, s, f }. Then we show in Theorem 5.2 that
is a set of defining relations for any finite simple group G of ON-type with respect to its four generators r, s, f , and g, and that G has a faithful permutation representation of degree 2.624.832. Furthermore, we show in this theorem that the finitely presented group G = r, s, f, g with set R(G) of defining relations is simple and that C G (z) = {r, s, f } ∼ = H. In particular, this result provides an existence and uniqueness proof for the O'Nan group.
Since calculations in this permutation group π(G) = π(r), π(s), π(f ), π(g) ≤ S 2.624.832 are very slow, we determine in Lemma 6.1 another permutation representation of G of degree 122.760. Its stabilizer is a subgroup L ∼ = L 3 (7) : 2 for which generators are given in Proposition 6.1 as words in r, s, f , and g.
Using this permutation representation we determine in Sec. 6 presentations of the normalizers N G (p) of cyclic subgroups of prime order p with p > 3. The case p = 3 is dealt with in Sec. 3. Furthermore, representatives of all conjugacy classes of G are given as short words in the 4 generators of G, see Corollary 6.2. The same has been done for all local subgroups and the Janko subgroup J of G in terms of their given generators. The classification of the conjugacy classes of these local subgroups and of the Janko subgroup J are stated in Appendix A. The fusion of their conjugacy classes into the conjugacy classes of G is given in Corollary 6.3. Their character tables are collected in Appendix B.
In [13, p. 460 ] O'Nan wrote: "In this section we present a character table of the group G. The calculations used to establish this table are lengthy and will not be recounted." Therefore the character table of G has been calculated in Theorem 7.4 again by means of the first author's algorithm [12] , Brauer's character formula for characters of p-blocks of defect one [3] and the LLL-algorithm [10] . This calculation is short and easy to document by means of the tables stated in the appendices. In Theorem 7.4 we also describe the construction of an irreducible 495-dimensional F 3 G-module of the O'Nan group G over the prime field F 3 .
Most of the calculations were done with MAGMA [1] and GAP [14] . They are easily checkable any time on a PC because all results are formulated in terms of words in the given generators of H and the element g of G fusing the involutions z and t. To ease calculations with MAGMA convenient permutation representations have been documented in all computational arguments. Most of the algorithms implemented in MAGMA and GAP applied in this article are described in the recent handbook of computational group theory [6] . The documentation of our calculations with MAGMA can be obtained from the second author's web page http://scienze-como.uninsubria.it/previtali/Research.html.
Concerning notation and terminology we refer to the books by Feit [3] , Gorenstein [5] , Isaacs [7] and Michler [11] where all quoted theoretical results and several new algorithms are proved.
The Centralizers of a 2-Central Involution
In this section we give a presentation of the finite group H which is assumed to be the centralizer of a 2-central involution in a group of ON-type. We determine a Sylow 2-subgroup S of H and an elementary abelian normal subgroup A of S such that D = N H (A) is of maximal order among all normalizers N H (B) of the elementary abelian maximal subgroups B of S. Lemma 2.1. Let H be the finitely presented group generated by elements r, s and c subject to the following set R(H) of relations: [11] , see also [9] . In particular, (k) has been obtained by calculating all core-free subgroups of H and taking the unique subgroup (up to conjugacy) realizing the smallest index among them. Since H is monolithic, its monolith being the center, a faithful permutation representation of smallest degree must be transitive.
Fusion
In this section we show that any finite simple group G of ON-type has only one conjugacy class of involutions. By an application of Thompson's transfer lemma we obtain a new element g ∈ N G (A) − N H (A) of order 3 which allows us to construct the normalizer E = N G (A), and a system of representatives of the G-conjugacy classes of elements of even order.
We owe thanks to the referee for suggesting a shortcut in the proof of assertion (a) of the following result. Proposition 3.1. Let G be a finite simple group having a 2-central involution z with centralizer C G (z) = H given in Lemma 2.1. The following statements hold:
where
(d) E = r, s, g with set R(E) of defining relations: 
By Lemma 2.1 Y has only one normal elementary abelian subgroup of order 4. Thus V = V xy , and xy ∈ N G (V ). Furthermore, Lemma 2.1 asserts that
and that C is the unique homocyclic subgroup of S of order 64. (2) . By Lemma 2.1(j) and the Theorem of Gaschütz E is a non-split extension and
Using the command ExtensionOfSolubleGroup implemented in MAGMA we obtain 4 extensions of C by L 3 (2). But only one has a Sylow 2-subgroup isomorphic to the one of H. With CosetAction we obtain a permutation representation for this finitely presented group, identify a subgroup D 1 and check with IsIsomorphic that D 1 is isomorphic to D, use this isomorphism to identify r and s in D 1 . Since E/C ∼ = L 3 (2) we may choose g ∈ E such that g satisfies all 3 relations:
Let g, q be a pair of distinct elements of order 3 in E having the same action on A. 
2 is an involution satisfying the relations: 
Proof. Using the faithful permutation representation of H given in Lemma 2.1 and MAGMA all these statements have been deduced from Lemma 2.1 computationally. 
and has the following presentation: Let j be any involution of C G (r). By Proposition 3.2(a) there is an x ∈ G such that z = j x . Hence
By Lemma 2.1(l) H has a unique conjugacy class of elements of order 3 represented by r. Hence there is an h ∈ H such that r xh = r and
has 3 conjugacy classes of involutions. Now the Gorenstein-Walter theorem (see [5] ) asserts that
In the case of A 7 the 2-central involution would have a centralizer in A 7 of order divisible by 3. Hence |H| = |C G (z)| would be divisible by 3 3 , a contradiction to the 
3(c).
Hence we may assume that n 1 centralizes the normal subgroup L 2 (7) of N/Q. If the residue class of n 1 were not generating a direct factor of L 2 (7) in N/Q, then N/Q = SL 2 (7). In particular, N would have a generalized quaternion Sylow 2-subgroup of order 16 as a Sylow 2-subgroup, which is a contradiction to Lemma 3.3(c) . Therefore N/Q = n 1 × L 2 (7). As G has a unique conjugacy class of involutions n 1 is conjugate to z, and L 2 (7) is a subgroup of H up to conjugation.
Another application of MAGMA yields that H has a unique conjugacy class of subgroups U ∼ = L 2 (7) and that their dihedral Sylow 2-subgroups D 2 of order 8 contain a unique class of elements v of order 4 which are H-conjugate to (rs) 2 ∈ 4 c .
By Lemma 2.1(l) = (rc)
3 ∈ D 1 belongs to 4 a Proposition 3.2(c) implies that and
Applying the Brauer-Wielandt theorem to the Klein 4-subgroup V = z, w of
because C has a unique class of involutions. Furthermore, r ∈ C Q (z), and
. Then the Gorenstein-Walter theorem asserts that
As C 1 ≤ C and 7 does not divide |C| = 3|A 6 |, the simple groups L 2 (7) and A 7 are not involved in
Applying now the Brauer-Wielandt theorem again to the Klein 4-subgroup
because the involutions w and wz are conjugate in
and |C| has a Sylow 3-subgroup of order 27 we see that W = R. Hence
In particular, |R| = 9 divides the order of
Furthermore, Q 8 acts irreducibly on R, because n 1 inverts both generators r and r 1 of R. Since the Schur multiplicator of A 6 is cyclic of order 6 this implies that C G (R) ∼ = R × A 6 , and so
which completes the proof of (a). The remaining assertions are now easy to verify computationally by means of MAGMA. In particular, statement (e) follows from the table of representatives of the conjugacy classes given in Appendix A.5.
Embedding of the Janko Group J 1 into Simple ON-Type Groups
In this section we show that each finite simple group G of ON-type having a 2-central involution z with centralizer C G (z) = H = c, r, s has a subgroup J = r, f, g isomorphic to the small Janko group J 1 of order |J 1 | = 175560, where g is the element of G defined in Proposition 3.1, and f is a suitable element of order 5 in H. 
g is the split extension of the elementary abelian group A = z, t, u with a Frobenius group
Proof. (a) and (b) have been checked by means of MAGMA and the faithful permutation representation of H described in Lemma 2.1(k).
(c) The presentation of H 1 has been calculated by means of MAGMA.
Using the faithful permutation representation of E given in Proposition 3.1(f) and MAGMA it follows that E 1 is generated by r and g, and that A = z, t, u is a normal Sylow 2-subgroup of E 1 having a Frobenius group F 21 = r, r g as complement, where
The remaining statements are now trivial.
(e) The presentation of E 1 has been determined by means of MAGMA. 
Proof. Let z be a 2-central involution with centralizer C G (z) = H = r, s, c defined in Lemma 2.1. Let S be the fixed Sylow 2-subgroup of H chosen in Lemma 2.1. Let A = z, t, u be the unique maximal elementary abelian normal subgroup of S. Proposition 3.1 asserts that there is an element g ∈ N G (A) − N H (A) of order 3 such that z g = t, t g = zt and u g = u. By Lemma 4.1(a) and (b) the element f = r
Keeping the notations of Proposition 3.4 we know that in any group G of ONtype
where X = l, w, f 1 ∼ = A 6 and f 1 is of order 5.
Using MAGMA and the faithful permutation representation of H given in Lemma 2.1(k) one can see that h = (f rs 2 ) 2 s 12 ∈ H has order 8 and satisfies the following equations n
Now using MAGMA again we see that
Another application of MAGMA yields then that there are exactly 2 subgroups
Furthermore it has been checked that f ∈ L 1 and f u ∈ L 2 up to choosing the indices of the L i . Hence exactly one of the following relations holds:
Using the Todd-Coxeter Algorithm implemented in MAGMA it has been checked that the subgroup J = H 1 , E 1 = z, u, t, r, f, g of G having the set
as defining set of relations with respect to its generating set {z, u, t, r, f, g} is the identity group. This contradiction shows that f ∈ L 1 = X hg . In particular, the relation (4.1) holds in J. Another application of the Todd-Coxeter Algorithm now shows that the subgroup J = H 1 , E 1 = z, u, t, r, f, g of G with the set
as defining relations has a faithful permutation representation of degree |J : H 1 | = 1463 with stabilizer H 1 . Using this new permutation representation we see that J is simple and has order 175560. Therefore J ∼ = J 1 by [11, Theorem 9.4.2], see also [8] . The short presentation of J given in the statement of this proposition has been obtained by MAGMA and the above permutation representation.
Main Theorem
In this section it is proved that all finite simple groups of ON-type are isomorphic by showing that they all have the same presentation. Furthermore, this presentation also yields an existence proof of a finite simple group G of ON-type. It follows that the O'Nan group G has a faithful permutation representation of degree 2.624.832 with stabilizer J isomorphic to Janko's smallest sporadic simple group J 1 . 
Proof. (a) holds by Proposition 3.2(a).
(b) By Lemma 2.1 the Sylow 2-subgroup S of H has derived length 3. Thus a simple group G of ON-type cannot be isomorphic to P SL 2 (q), Sz(q) or P SU 3 (q), where q is a power of 2. Therefore the Bender-Suzuki theorem stated as Theorem 4.2 in Suzuki [17, p. 392] 
implies that G = H, N G (S), C G (t) | t ∈ I(H) , where I(H)
denotes the set of all involutions t of H. Clearly, A is a characteristic subgroup of S.
By (a) G has a unique conjugacy class of involutions. Now the proof of Proposition 3.2 implies that all involutions t ∈ I(H) are fused to z in the subgroup H, E of G. Thus
which completes the proof. 
as a set of defining relations, where H = r, s, f | R 1 (H) . Leaving out repetitions R(G) is described by the following relations:
( (c) Furthermore, it has been verified that the following set R 1 (H) is a defining set of relations of H with respect to {r, s, f }:
f) The finitely presented group G = r, s, f, g with set R(G) of defining relations is a simple group with
2-central involution z = s 8 such that C G (z) = r, s, f ∼ = H.
Proof. Assertion (a) holds by Proposition 3.1(a) and (d). (b) Lemma 4.1(a) states that
By Proposition 4.2 the subgroup J = r, f, g has the following set R(J) of defining relations:
Proposition 3.1 asserts that E = N G (A) = r, s, g has the following set R(E) of defining relations:
as set of relations. As J is a subgroup of G 1 , we applied the Todd-Coxeter algorithm implemented in MAGMA and asked it to count the residue classes of J in G 1 . After a few minutes it returned:
Hence R(G 1 ) is a set of defining relation of G 1 . Now, Lemma 5.1 asserts that
which completes the proof of (c).
Assertions ( Let X = 1 be a proper normal subgroup of G. If |X| is even, then z G ⊆ X by Proposition 3.2. As H := C G (z) = r, s, f we can apply all statements of Lemma 2.1. Therefore y = (sc 2 ) 3 ∈ H − H by Lemma 2.1(l), and H has a faithful permutation representation of degree 448 by Lemma 2.1(k). Using it together with MAGMA it follows that H = y H . Hence H ≤ X. In particular, r ∈ X. By Proposition 3.1 we know that E = r, s, g has a unique conjugacy class r E of elements of order 3. Hence g ∈ r E ≤ X, and G = H, g = X. This contradiction shows that |X| is odd. By Lemma 2.1(l) W = z, t with t := (rs) 4 is a Klein four group and C X (z) = X ∩ C G (z) = 1. As W acts on X by conjugation the Brauer-Wielandt Lemma asserts that 
Then the following assertions hold:
is the stabilizer of a faithful permutation representation of L having degree 456.
Proof. (g) It is well known that L = P SL 3 (7) has a unique conjugacy class of involutions z with centralizer H 2 = C L (z) ∼ = SL 2 (7) · 2. Using the faithful permutation representation of H described in Lemma 2.1(k) and MAGMA we found the two generators p 1 and p 2 of H 2 with orders 4 and 6, respectively. Another application of MAGMA yields that H 3 = H 2 n 1 is isomorphic to the centralizer of Proof. The fusion of the conjugacy classes of H and N is given in the previous sections. The fusion of the classes of the other subgroups has been determined computationally by means of MAGMA and the faithful permutation representation of G constructed in Proposition 6.1. [18] provides an explicit recipe to obtain the given generators of L 2 from these standard generators.
Corollary 6.4. Let G = r, s, f, g be the finitely presented group with set R(G) of defining relations given in Theorem

Constructing the Character Table
In [12] the first author has given a deterministic algorithm which determines all multiplicity-free irreducible constituents χ r of a permutation character. Let L and L 2 be the subgroups of the O'Nan group G constructed in Propositions 6.1 and 6.4. In this section we apply this character formula to the permutation characters of the derived subgroups M and M 2 of L and L 2 , respectively. Applying then Brauer's character formulas for the 5-blocks of defect 1, we obtain 3 more characters. Using the fusion information on some maximal and some local subgroups, we can induce their characters. We apply the LLL algorithm [10] implemented in GAP 4.4 to the permutation constituents and to the induced characters and obtain the complete character table of the O'Nan group G. 
. . , α isi be the roots for the minimal polynomial m i of A i in E.
Let ij be the Lagrange polynomial associated to the α ij 's, namely ij (α ik ) = δ jk . Then e ij = ij (Zp i (Z)) are the primitive central idempotents of Z. We remark that these polynomials coincide with the Lagrange polynomials associated to all the roots of all m i 's in E. Table 2 . (e) Using Proposition 7.1 we obtain the primitive central idempotents e r of B evaluating the Lagrange polynomial i relative to the eigenvalues of Z at Z.
(f) We read off the scalars c ri such that D i e r = c ri e r . Next we get the Gollan Ostermann numbers:
where T is a right transversal for M in G and g G j is the jth conjugacy class of G. Since storing such a transversal would require too much memory we fix p ∈ {1, . . . , 122760} and we construct, using strong generators and Schreier vectors for G ≤ S 122760 , g ∈ G such that p g = 1 and browse through all conjugacy classes representatives. Since B is commutative all irreducible constituents of (1 M ) G occur with multiplicity 1. If χ r is the unique constituent corresponding to e r , then it is proved in [12] that Table 2 . 
(g) We calculate the permutation character of (1 M2 ) G and reduce it using the constituents of (1 M ) G . We are left with an irreducible character of degree 32395. (h) Using the faithful permutation representation (1 M ) G and Kratzer's algorithm (see [9] ), short words in r, s, f, g for the conjugacy classes representatives and their centralizer orders are obtained. In particular the class number of ON is 30.
We now apply Brauer's character formula for 5-blocks of defect one. [7, p. 64] . We add the characters χ r obtained in Proposition 7.2 to this set. They may be viewed as elements of F 30 , where F is the cyclotomic field Q(ζ 164920 ). We construct in GAP 4.4 (see [14] ) the integral lattice generated by these vectors with scalar product defined as 
Proof. By [3, Lemma IV.4.2] χ, η are in the same p-block if and only if
Using MAGMA it has been checked that M is an irreducible F 3 G-module of dimension 495. 
Appendix A. Representatives of Conjugacy Classes
Table A.4. Conjugacy classes of Janko subgroup J = z, t, u, f, r, g . 
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